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INTRODUCTION
The composition of blood is known to be that of a multi-component mixture of aqueous plasma, red and white blood cells RBCs, WBCs and a variety of lipoproteins [1] . The fact that rheological characteristics of blood influence many of the pathological conditions observed in the circulatory system has simulated research in two distinct directions with regard to the constitutive modeling of blood. The first approach is more general and is founded on the micro-continuum theories and emphasizes the use of additional balance laws to characterize the rheology of blood. The second approach simulates blood as a suspension and implements the use of techniques of macroscopic non-Newtonian fluid mechanics. In view of the former approach, the rheology of blood can be successfully characterized by the constitutive equations of micropolar, dipolar, couple stress and micromorphic fluid models. The later approach allows a variety of of constitutive equations to be deployed to represent the shear stress-strain behavior of blood depending on different non-Newtonian characteristics. It is also well established that blood exhibits non-linear properties due to presence of red blood cells (RBCs) which form approximately 45% of volume of normal human blood, under certain flow conditions. Typical non-Newtonian characteristics exhibited by blood are shear-thinning, thixotropy, viscoelasticity and yield stress. Time-independent non-Newtonian models are commonly used in the literature to capture the shear thinning property of blood. These include the power-law model [2] , Carreau model [3] , Casson model [4] , Walburn-Schneck model [5] , Cross model [6] and Weaver model [7] to name only a few. Thixotropic and yield stress behavior of blood is described quite accurately by time-dependent non-Newtonian models. Some well-known time independent thixotropic models used in the literature on blood flow are the Huang model [8] , Weltman model [9] , TiuBoger [9] and Rosen model [10] . As emphasized by Thurston [11] the viscoelastic behavior of blood becomes prominent at low shear rates due to aggregation of RBCs. Therefore under pulsatile flow conditions the blood may be modeled as a viscoelastic fluid. Popular viscoelastic fluid models in hemodynamics which are adopted to characterize blood rheology include the Oldroyd-B fluid model, Yeleswarapu model [12] , generalized Maxwell model [13] and generalized Oldroyd-B model [14] .
Significant experimental evidence also exists demonstrating that rheological properties of blood may change with variations in the diameter of the vessel. For instance, it has been observed that the measured apparent viscosity of blood decreases with reducing diameter of the blood vessel. This phenomenon is known as the Fahreaus-Lindqvist (F-L) effect [15] . This effect may be due to migration of RBCs away from the wall resulting in formation of a cell-depleted layer near the wall. Many researchers have modelled blood as a two-layered fluid to capture the FL effect. The peripheral/cell-depleted plasma layer is modeled as a Newtonian fluid while the core region (mixture of RBCs and plasma) is modeled as a non-Newtonian fluid. Following this approach Majhi and Usha [16] modeled the core region using the thermodynamically robust constitutive equation of third grade fluids to capture the FL effect.
Subsequently Majhi and Nair [17] extended their previous analysis to include the effect of pulsatile conditions and body acceleration. Massoudi and Phuoc [18] analyzed the blood in the core region as a modified second grade fluid to study pulsatile flow of blood in a normal artery. Recently Sajid et al. [19] analyzed the pulsatile flow of blood utilizing the constitutive equation of Oldroyd-B fluid to model the core region, and therein also elaborated on the effects of relaxation and retardation constant on various hemodynamic characteristics.
In above mentioned studies the results are reported for a normal artery. The practical significance of these results is limited as they do not elucidate the fluid dynamics characteristics of blood in diseased/stenotic arteries. This has motivated some researchers to conduct similar investigations for stenotic arteries.
Mention may be made of the work of Ikbal et al. [20] which considers the unsteady two-layered blood flow through a flexible artery under stenotic conditions using Eringen's elegant micropolar fluid model. Sankar and Lee [21] have analyzed steady flow of blood through a catheterized artery via a two-fluid model with the core region approximated as a Casson fluid and the plasma in the peripheral region as a Newtonian fluid. Motivated by extending and improving above studies, we propose, in this paper, to examine theoretically the unsteady two-layered pulsatile flow of blood through a stenosed artery. The viscoelastic and shear-thinning effects of blood are both simultaneously important in the pulsatile flow under consideration. In this context, a model which is capable of concurrently predicting the shearthinning and visco-elastic effects may be more appropriate. The generalized Oldroyd-B model [22] [23] is quite suitable for the present flow situation as it is able to capture shear thinning, viscoelastic effects and based on thermodynamic considerations, permits the relaxation time to be a constant. It includes a shearrate dependent viscosity and has proved effective in numerous hemodynamic (and indeed other) scenarios. The Oldroyd-B model has earlier been employed to investigate pulsatile flow of blood in a tube of infinite length and circular cross-section [24] . The results in ref. [25] highlight the combined effects of the viscoelasticity and of shear dependent viscosity. The present study also generalizes the results of ref. 
PROBLEM DESCRIPTION
A homogenous incompressible two-layered fluid (blood) is assumed to be flowing through an overlapping stenosed artery of length L. A cylindrical coordinate system ( , , ), rz  is employed for the current analysis. The mathematical equation describing the geometry of the stenosis and interface is given as: .
In the above expression ( ) denotes the radius of the arterial segment with stenosis, *  is the maximum height of the stenosis, is the constant radius of the artery in the non-stenotic region, , .
The constitutive law for incompressible fluid takes the form: 
where
The equation of ij S in the periphery region is defined as:
In Eqns. (7) and (9), 0  and   are zero-shear-rate and infinite-shear-rate viscosities, respectively,  is the time constant, n is the power law index, 1  and 2  are relaxation and retardation times, respectively and 1
ij
A are the components of the first Rivlin-Ericksen tensor given by:
The second invariant of first Rivlin-Ericksen tensor  is defined as:
Under mild stenotic conditions, the flow in the artery can be treated as uni-directional and unsteady. Let
,
uu denote non-vanishing axial velocity components in core and peripheral region, respectively. From a momentum balance (4), the axial velocity component in the peripheral region satisfies:
where rz S is given through 2 11 ,
and 2  is the fluid density in the peripheral region.
Similarly, the axial velocity component in the core region satisfies:
where 1  is the fluid density in the core region. In view of (7), 
Since the flow is initiated by the pulsatile pressure gradient, therefore following [28] , we write:
Here 0 is the systolic and 1 is the diastolic component of the pressure gradient, = 2 is the circular frequency and is the pulse rate frequency. Eliminating between Eqs. (12) and (14), we get the equation for the velocity components in the core region as follows:
  
Similarly, substitution of Eqn. (13) into Eqn. (14) yields the determining equation for 2 u as follows:
where subscripts denotes differentiation with respect to the indicated variable. Let us introduce the following variables 
Making use of these variables, Eqns. (17)- (18) can be rendered into following dimensionless forms: 
In the preceding equations the bar notation has been omitted for brevity. The above equations are subject to the following boundary and initial conditions: ,  ,  5  32  48  3   3  ,  ,  2 with , , .
Employing a radial coordinate transformation [29] :
Eqns. (20) and (21) 
,
The dimensionless initial and boundary conditions become:
. ,
Similarly the volume flow rate, shear stress at the wall and resistance (impedance), respectively, assume the following forms:
.
. 
EXPLICIT FINITE DIFFERENCE METHOD (FDM) SOLUTIONS
The parabolic system of equations (28) and (29) is not amenable to analytical solution due to its nonlinear nature. Therefore, we shall employ an appropriate numerical technique for its solution. An explicit scheme which is forward in time and central in space is used [30] [31] [32] . Let us denote j k i u as the value of ( 1, 2) k uk  at spatial node x i and at time instant t j . In this notation, the appropriate expressions of various partial derivatives are as follows:
In similar fashion, we approximate time derivative as:
Using the above formulas for time and spatial derivatives, Eqns. (28) and (29) The finite difference representation of the associated prescribed boundary conditions is given by: The uniformly distributed discrete points in the radial direction are defined as ( 1) , 
VALIDATION WITH VARIATIONAL FINITE ELEMENT CODE
The results obtained via the FDM computations are also validated by the finite element method. The nonlinear boundary value problem described by the coupled partial differential eqns. (28)- (29) under conditions (30) has also been solved with a variational finite element method (FEM). FEM has a different approach to FDM. Numerical integration is employed rather than numerical differentiation. Owing to this and the adaptability of FEM to complex material and geometrically nonlinear problems, FEM remains the most popular numerical method in engineering sciences. In nonlinear biomechanics, the FEM approach has successively resolved numerous problems in diverse areas including peristaltic pumping [33] , biomagnetic therapy [34] , bio-membrane structural stability [35] , functional graded implant mechanics [36] , pulsatile non-Newtonian flows [37] and respiratory fluid dynamics [38] . Pressure gradient is re-defined and time conditions (temporal) also re-defined. Following some numerical tests, meshindependence is confirmed for the present scenario with 480 line finite elements. The whole domain is therefore divided into a set of 480 line elements of equal width, each element being two-noded. Line elements are adequate since only one spatial variable i.e. normalized radial coordinate, (x) is involved. A variational form is derived for each of the transport eqns. (28)- (29) with the lead master variables u 1 ,u 2 .
The numerical integration is performed over the artificial finite element domain in terms of the normalized radial coordinate (x e ; x e +1) using arbitrary test functions (W 1 ,W 2 ) which can be viewed as the variation in the master variables, following Reddy [39] and Bathe [40] . The nonlinear terms in eqns. (28)- (29) The matrix-vector form of the finite element model is then generated. For brevity details are excluded here and the reader is referred to [33] - [35] wherein comprehensive guidance is provided. This system of non-linear algebraic equations produced after assembly of the element equations is linearized by incorporating functions u 1 , u 2 , which are assumed to be known. Boundary conditions (30) are also easily constructed. Following imposition of the initial (time) and boundary conditions, the matrix system is condensed and solved iteratively with a modified Householder elimination method, maintaining an accuracy of 0.0005. For extra rapid convergence the Bathe subspace iteration procedure may also be employed [40] . Table 1 shows that very good agreement is attained between the FEM and FDM results.
Confidence is therefore very high in the present FDM computations. Table 1 further provides a useful benchmark for other researchers to refer to in refinements to the present investigation. 
RESULTS AND INTERPRETATION
In this section, we are interested in establishing the response of the axial velocity, flow rate, wall shear Figs. 2a and 2b, respectively. Fig. 2a shows that the magnitude of axial velocity reduces significantly by increasing n. The boost in blood viscosity with greater power-law exponent serves to decrease the shear rate and this decelerates the flow, manifesting in a reduction in velocity. On the contrary, the axial velocity of blood increases with increasing () (Fig. 2b) since the delay in material response is reduced with greater time constant. In both plots the acceleration in axial velocity with greater radial coordinate is however apparent. Fig. 7(b) ).
The profiles of flow rate corresponding to different fluid models are compared in 
CONCLUDING REMARKS
A two-layered mathematical model has been developed for pulsatile flow of blood through a w-shape thickness. The present study has ignored curvature of the blood vessel and also elastic wall properties.
These are also key aspects of hemodynamics and will be addressed in future investigations.
